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Abstract 

This survey paper deals with upper and lower bounds on the number of 
fc-matchings in regular graphs on N vertices. For the upper bounds we recall 
the upper matching conjecture which is known to hold for perfect matchings. 
For the lower bounds we first survey the known results for bipartite graphs, 
and their continuous versions as the van der Waerden and Tverberg permanent 
conjectures and its variants. We then discuss non-bipartite graphs. Little 
is known beyond the recent proof of the Lovasz-Plummer conjecture on the 
exponential growth of perfect matchings in cubic bridgeless graphs. We discuss 
the problem of the minimum of haffnians on the convex set of matrices, whose 
extreme points are the adjacency matrices of subgraphs of the complete graph 
corresponding to perfect matchings. We also consider infinite regular graphs. 
The analog of fc-matching is the p-monomer entropy, where p € [0, 1] is the 
density of the number of matchings. 
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1 Introduction 



Let G = (V, E) be an undirected graph with no loops but possibly with multi-edges. 
We will identify V with [N] := {1, 2, . . . , N}, where N = \V\. A subset of edges 
M C E is called a match if no two edges in M have a common vertex. In physics 
literature e := 6 E is called a dimer. M is called a fe-match if #M, the number 
of edges in M, is k. Denote by Aik the set of all /c-matches of G. Let M £ Mk- So 
M consists of fc-dimers, and M covers 2k vertices, which the vertices of the induced 
graph G(M) by M. M is called a monomer-dimer cover of G, i.e. it consists of 

x This is an expanded version of the lecture "Some open problems in matchings in graphs", Direc- 
tions in Matrix Theory 2011, Coimbra, July 9, 2011, and AIM workshop "Stability, hyperbolicity, 
and zero localization of functions", December 5-9, 2011. The author acknowledges the support of 
Department of Mathematics, University of Coimbra and the Centre for Mathematics, University of 
Coimbra and the American Institute of Mathematics, Palo Alto. 
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dimers which cover 2k vertices, while other vertices are called monomers. M is 
called a perfect matching if M covers all vertices of G. (So V has to be even for G 
to have a perfect matching.) We will usually assume that \V\ = 2n unless stated 
otherwise. Let <f>{k,G) := #A4k(G) be the number of /c-matchings in G. Define 
0(O,G):=1. 

Denote by Q(2n,r) D Q co (2n,r) D Qui2n,r) the set of simple r-regular graphs 
on 2n vertices, the subset of r-colorable graphs, and the subset of bipartite r- 
regular graphs respectively. Similarly denote by Q mult {2n,r) D Gco,muit(2n,r) D 
i,muit(2n,r) the set of r-regular graphs on 2n vertices, the subset of r-colorable 
graphs, and the subset of bipartite r-regular graphs respectively, where we allow 
multiple edges. 

The purpose of this survey paper is to report mostly on the following maximal 
and minimal problems 

@(k, n, r) := max{0(k, G), G G Q{2n, r)}, (1.1) 

A(fc, n, r) := max{0(A;, G), G G Q bi {2n, r)}, (1.2) 

9{k, n, r) := min{0(A:, G), G G 6wt(2n, r)}, (1.3) 

u(k, n, r) := min{0(£;, G), G £ G C o,muit(2n, r)}, (1.4) 

X(k,n,r) := min{</)(A;,G), G G Gbi,muit(^n, r)}. (1.5) 

It is known that for any simple graph G = (V, £"), with | V| = 2n an no isolated 
vertices, one has the following upper bound for the number of perfect matchings 

mm 

4>{n,G) < JJ((degv)!)^Aw, (1.6) 

where deg(v) is the degree of the vertex V. Equality holds if and only if G is a 
disjoint union of complete bipartite graphs. For a graph G and q G N denote by 
qG the disjoint union of q copies of G. Let K r ^ r G £7&i(2r, r) be a complete bipartite 
graph on 2& vertices. (|1.6p yields that @(qr,qr,r) = <f)(qr, qK TiT ) = (r\) q . The upper 
matching conjecture, abbreviated as UMC, states [23J 

®(k, qr, r) = (f>(k, qK T:r ) for k = 1, . . . , c/r. (1-7) 

This conjecture holds in the following cases: k = 1,2,3,4, gr, for r = 2 and for r = 3 
and q = 1,2,3,4 [23]. 

We know a lot about the lower bounds on the number of fc-matchings in regular 
bipartite graphs. The main reason is the validity of the van der Waerden and 
Tverberg permanent conjectures [371 E3 [13 [HI US] . The lower matching conjecture, 
abbreviated here as LMC, states [23] 

X(k, n,r)>( ™Y (t^—lyn-k for jfe = i n . ( L8 ) 
\k ) nr n 

For k = n the above conjecture follows from the lower bounds of [36J for r = 3 and 
from [33J for any r. Weaker type of lower bounds can be found in [241 [2T| I27j . A 
stronger version of the LMC is stated in [23, (7.1)]. For r = 2 it is shown in |23] 
that 

\{k, n, 2) = <f>(k, C 2n ) for k = 1, . . • , n, (1.9) 
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where C m is a cycle of length m. 

We do not know much about 6(k, n, r) and oj(k, n, r), except the case r = 2 |23j . 
It is straightforward to see that Gco,muit{2n, 2) = Gbi,mnlt(^ n ^)- Hence uj(k,n,2) = 
X(k, n, 2) for k = 1, . . . , n. Furthermore [23] 

9(k, n, 2) = <f>(k, qC 3 ) for k = 1, . . . , n, if 2n = 3g, (1.10) 
9(k, n, 2) = (j)(k, qC 3 U C 4 ) for k = 1, . . . , n, if 2n = 3g + 4, (1.11) 
0(Jb, n, 2) = 0(jfe, 9C3 U C 5 ) for k = 1, . . . , n, if 2n = 3g + 5 (1.12) 

It is well known that non-bipartite r-regular graphs on an even number of vertices 
may not have a perfect matching for r > 2. For example, a simple 2-regular graph 
that have exactly even number of odd cycles does not have a perfect matching. Hence 
there exists 2r-regular graphs with multiple edges with 2n vertices, for n > 4, which 
do not have perfect matches. We will show that for any graph G G Qmult{^' n i r ) 
<p{k,G) > 1 for 1 < k < 

Assume that G is a bridgeless 3-regular graph on 2n vertices. Petersen's theorem 
implies that G has a perfect matching. The Lovasz-Plummer conjecture states that 
there exists e > such that (STJ §8.7] 

(/)(n,G) >2 e2n . (1.13) 

The Lovasz-Plummer conjecture was proved in p3] with e = g^g. 

Conjecture 1.1 oj(n,n,r) has an exponential growth in n for a fixed r > 3. 

For an infinite graph G = (V,E), with a countable number of vertices, match 
M C E is a match of density p 6 [0, 1], if the proportion of vertices in V covered by 
M is p. Then the p-matching entropy of G is defined as 

i / \ ,. log^(mA;,G fc ) 
/i G (p) = hmsup — , 

where Gk = {Ek,Vk),k G N is a sequence of finite graphs converging to G, and 
lim/c^oo = p. See for details [22]. Denote by ooK r , r a countable union of 
disjoint copies of K r ^ r . One can compute hooK rr (p) for any p G [0,1] using the 
thermodynamics formalism [22]. Assume that G is an infinite r-regular graph. The 
asymptotic matching conjecture, abbreviated as AUMC, states that G satisfies 

h G (p) < hooK^iP) for a11 P e [0, !]• (1-14) 

For bipartite r-regular graphs infinite graphs G the AUMC was stated in [22] . Since 
the UMC holds for perfect matchings it follows that (I1.14p holds for p = 1. (See for 
details the arguments in [22].) 
Let 

1 p 

f(p, r ) '■= 7;{P lo S r -plogp- 2(1 -p)log(l -p) + (r-p)log(l )). (1.15) 

2 r 

The asymptotic lower matching conjecture, abbreviated ALMC, claims that for any 
r-regular bipartite infinite graph G the following inequality holds [23] . 

haip) > f(p, r) for all p G [0, 1]. (1.16) 
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This inequality follows straightforward from the LMC. For r = 2 holds this con- 
jecture holds in view of (II, 9h . Equality holds if G is an infinite path, i.e. the 
monomer-dimer lattice on Z. For r > 3 the conjecture holds for all p of the form 
p^j, s = 0, 1, . . . , [21] . A weaker version of the ALMC is proved in [22]. For r = 2d 
the ALMC holds for the monomer-dimer model on Z rf for cZ = 2,3,..., [16] . The 
complete proof of the ALMC is given in [27]. There should be a similar inequality 
for infinite r-regular graphs, at least for p G [0, |] as we explain in §7. However we 
do not have the precise version of such inequality. 

We now survey briefly the contents of this paper. In §2 we discuss the notions of 
matching polynomials, haffnians and permanents. In §3 we give the known upper 
bounds for matchings in regular graphs. In §4 we discuss the proved van der Waerden 
and Tverberg conjectures, their discreet analogs and their relation to the lower 
estimates on the number of fc-matchings in multi r-regular bipartite graphs. In §5 
we give a brief introduction to positive hyperbolic polynomials which yield short 
elegant proofs to lower bounds discussed in §4. In §6 we discuss matching in non- 
bipartite graphs. Here we mostly have open problems. In §7 we bring the known 
results and conjectures on the entropy of bipartite infinite r-regular, and similar 
open problems for infinite non-bipartite r-regular graphs. 

2 Preliminary results 

Denote by So(iV, M+) the set of all N x N symmetric matrices W = [iVij]fLj =1 with 
zero diagonal and nonnegative entries. Let G = (V, E) be a simple undirected graph, 
where N = |V| is an arbitrary positive integer. W(G) = [wij}fLj =1 G Sq(N, R + ) is 
called a weighted adjacency matrix if Wij = if E. The adjacency matrix 
A{G) is the maximal — 1 matrix which a weighted adjacency matrix of G. Note that 
any W G So (A, R + ) is a weighted adjacency matrix of Kn, the complete graph on N 
vertices. The multivariate matching polynomial of Kn is a multilinear polynomial 
in N complex variables z = (z±, . . . , zn) G C^: 

LfJ 

V(z,W):=l + J2 II "Wi ( 2 - X ) 

k=l M<EM k (K N ) (ij)eM 

The fundamental result of Heilmann and Lieb [28] claims that ^(z, W) is nonzero 
if either > 0, i = 1, . . . , N or K(zi) < 0, i = 1, . . . , N. (We call this property 

the left-right half plane property.) Another proof of this fact is given in [6], where 
it is observed that the following polynomial has the left-right half plane property: 

T(z,W)= J] (1 + viijZiZj). (2.2) 

l<i<j<N 

From this fact it is deduced in [6] that ^(z, W) has the left-right half plane property. 
Recall that the fc-haffnian of W is given by 

haW:= J2 II W H- ( 2 - 3 ) 

MdM k (K N ) (iJ)eM 
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Then a matching polynomial of <5(t) is given by 



LfJ 



$(t,W)) = 1 + J^haf k Wt k 



(2.4) 



k=l 



Clearly $((z, . . . , z),W) = <&{z 2 , W). The left-right hyperplane property yields that 
Q(z 2 ,W) = implies that 3t(z) = 0. Hence ^>(t,W) has only real negative roots. 
Apply the Newton inequality to deduce 



haW , 2 
( L f J ) 



) 2 > 



hafpW haf q W 



'LfJ) 



for 1 < p < I < q < 



L-J 

L 2 J 



(2.5) 



Let W = A(G) is the adjacency matrix of a simple graph on G on N vertices. 
Then haf^j4(G) is the number of /c-matchings in G. Denote by Sq(N, Z + ) the set 
of symmetric matrices with nonnegative integer entries and zero diagonal. Then 
A = [<Xij\ £ S(N,'E + ) is the adjacency matrix of a multigraph G(A). i.e. ay is the 
multiplicity of the edge So haf^^4 is the number of ^-matches in G(A). 

Let K m)n be a complete bipartite graph G = (Vi U V2, E) where V\ = [m], Vi = 
[n]. Then 



A(K m ,1l) 



Or, 



where l mX n is an m x n matrix whose entries are 1. Then W(K m ^ n ), the weighted 
adjacency matrix of K m ^ n has the form 



W 



r 



B 



B 



Or, 



B G R^ xn . 



B is called the weighted bipartite adjacency matrix of K mM . Similary, for a bipartite 
graph G = ([m]L)[n], E), the matrix B = [by] E 



% 3 \ c ^™ xra is called the weighted bipartite 
adjacency matrix of G if 6y = for i E [m], j E [n]. Assume that m = n. Then 



hafnVK is equal to the permanent of B, denoted by perm B or perm n l?. For any 
B E M™ xn and a positive integer k < min(m,n) denote by perm fc i? the sum of the 
permanents of all k X k submatrices of B. Then haf^VF = perm fc B. 



3 Upper bounds on matchings 

Denote by Z" xn D {0, l} nxra the set of all n x n matrices with nonnegative integer 
entries, and the subset of all — 1 matrices. Each B E Z™ xn represents a bipartite 
multigraph G = ([n] U [n],E), where B is a bipartite adjacency matrix of G. G is 
simple if and only if B E {0, l} nxn . Let ri{B) the i-th row sum of B, i.e. the degree 
of the vertex i E V\ = [n]. Bregman's inequality [4], conjectured by Mine [32], states 

n 

pevmB < ]J(ri(B)\)^m, Be{0,l}" x ". (3.1) 

i=i 

Equality holds if and only if B the bipartite adjacency matrix of union of complete 
bipartite graphs. Let G = ([2n],E) be a simple graph, with the adjacency matrix 
A(G) E S (2n,{0,l}) C {0,l}" xn . Consider the bipartite graph G' = {Vi U V 2 ,E') 
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on An vertices whose bipartite adjacency matrix is A{G). The square of the number 
of perfect matchings of G counts ordered pairs of such matchings. We claim that 
this is the number of spanning 2-regular subgraphs H of G consisting of even cycles 
(including cycles of length 2 which are the same edge taken twice), where each such 
H is counted 2 s times, with s being the number of components (that is, cycles) of 
H with more than 2 vertices. Indeed, every union of a pair of perfect matchings 
Mi, M2 is a 2-regular spanning subgraph H as above, and for every cycle of length 
exceeding 2 in H there are two ways to decide which edges came from M\ and which 
from M%. The permanent of A(G) also counts the number of spanning 2-regular 
subgraphs H' of G, where now we allow odd cycles and cycles of length 2 as well. 
Here, too, each such H 1 is counted 2 s times, where s is the number of cycles of H' 
with more than 2 vertices, (as there are 2 ways to orient each such cycle as a directed 
cycle and get a contribution to the permanent). Thus the square of the number of 
perfect matchings is at most the permanent of A(G). Use (|3.ip to deduce (jl.6p . 
Equality holds if and only if G is a disjoint union of complete bipartite graphs [I]. 
Hence 



Equality holds if n = qr and G = qK r ^ r . The above inequality imply the following 
inequalities: 



Since the inequalities (|3.4p are shown in [23], we give only a simple proof of (|3.3p . 
Let G G G(2n,r). Fix k G [l>i] and choose a subgraph H of G on 2k vertices. 
Use dUSJ) to deduce that 4>{h,H) < (r!)r. Hence <j>{k, G) < (£)(r!)*. The second 
inequality is obtained as follows. Choose k vertices v±,...,Vf. in G and consider the 
maximum number of k matches of the form (v\, wx), . . . , (vk,Wk)- Since the degree 
of each Vi is r the number of such A;-matches is at most r fc . The number of choices 
of k vertices in G is ( J?) . Note that a /c-match of the form (yi, w±), . . . , (vk,Wk) is 
counted exactly 2 k times. Hence 4>(k,G) < 2~ k ( 2 ^r k . 

4 Van der Waerden and Tverberg conjectures and their 
discreet analogs 

Let f2 n C M nxra be the convex set of doubly stochastic matrices. Birkhoff-von 
Neumann theorem claims that the set of the extreme points of Q n is the set of 
permutation matrices V n C f2 n . Note that if G G Gbi,muit(2n,r) then ~B{G) G Cl n . 
Birkhoff theorem yields that G(B) is a sum of r-permutation matrices for each 
i,muit(2n,r). So each G G Gbi,muit(2n,r) is r-colorable. Thus 



<t>(n,G) < (r\)r for G G G(2n,r). 



(3.2) 




(3.3) 



(3.4) 



min{perm fe (C), C G O n } < 




for k = 1, . . . j n. 



(4.1) 
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It is known that 



1 v / n\ 2 k\ 



fi(k,n) := min{perm fc (C),C G f2 n } = perm fc (-l nx „) = — for k = 1, . . . , n. 

n \k J rv 

(4.2) 

For k = n this equality was the celebrated van der Waerden conjecture [37J. An 
inequality fj,(n,n) > e _n was given in [17]. This inequality proved the Erdos-Renyi 
conjecture that the number of matchings in 3-regular bipartite graphs grows ex- 
ponentially. The van der Waerden conjecture was proved by Egorichev |llj and 
Falikman [15]. The Tverberg conjecture was proved by the author in |18| . 
It was shown by Schrijver [33] that 

X(n,n,r)>( { ^ )". (4.3) 

The case r = 3 was shown by Voorhoeve [36J , which also gave another proof to the 
above Erdos-Renyi conjecture. Gurvits [26] gave an improved continuous version 
of the above inequality. Assume that B E O n has in each column has at most r 
nonzero entries. Then 

peimB>—( ) v ( P ; . (4.4) 

Hence 

Hn,n,r)>^(^Y^\^^r. (4.5) 



Sec [30j for a simple exposition of Gurvits's result. In the joint work with Gurvits 
we give the following lower bound |21} Theorem 4.5] 

x/, ( sra ) ! (fc) r k (r + s)l ,r + s -l. (r+s _ 1)(n _ r _ s) 

\(k,n,r)> max r- , ' „ N rrr^ — r^ri ) • 

v ' ~ se[n-r] s n ~ k {n- k)\{{s- l)n + k)\ (r + s) r+sK r + s ' 

(4.6) 



5 Positive hyperbolic polynomials and lower bounds on 
permanent s 

In this section we review briefly the main ideas and techniques to show (|4.2j) . (|4.5|) 
and (|4.6p . This exposition relies on the papers [20], [2T]. 

A polynomial p = p(x) = p(xi, . . . , x n ) : R™ — > K is called positive hyperbolic if 
the following conditions hold 

1. p is a homogeneous polynomial of degree m > 0. 

2. p(x) > for all x > 0. 

3. (f)(t) := p(x + tu), for t G K, has m-real t-roots for each u > and each x. 

Assume that p is positive hyperbolic. Then the coefficient of each monomial in 
positive hyperbolic polynomial is nonnegative. Moreover p{x\, . . . ,x n -i, 0) and 
g§-J>(sci) • • • , a?n-i> 0) are either positive hyperbolic or zero polynomials. The fol- 
lowing examples are most useful for positive hyperbolic polynomials. 



7 



Example 1: Let A = [ajj]™'™ =1 G R™ xn , where each row of A is nonzero. Then 

p fci A(x) := Ei<i 1 <...<i fc <mrij=i(^ x )i J > x G R " is positive hyperbolic. 

Example 2: Let Ai, . . . ,A n G (£ m >< m De hermitian, nonnegative definite matrices 
such that Ai + . . . + A n is a positive definite matrix. Let p(x) = det ^" =1 Xj^4j. 
Then p(x) is positive hyperbolic. 

Example 3: B G R™ xm symmetric. Then x T l?x is positive hyperbolic if and only 
if B has exactly one positive eigenvalue. 

Let p(x) : R n — > R positive hyperbolic polynomial of degree m > 1. Define the 
capacity of p as follows 

Capp: = inf p(x)- (5-1) 

x>0,xi---x„ = l 

Since logt is a concave function of t, use Birkhoff theorem for doubly stochastic 
matrices to deduce that 

Cap pk t A = (j^j f° r each A G J7 n . (5-2) 

Let i3 = D1AD2, Di, D2 positive definite diagonal matrices and A doubly stochastic 
matrix. Let p n ,B be defined as above. Then Cap p n ,B = det d 1 d 2 ' ^ ecan that any 
positive square matrix B has the above decomposition [Ml [5]. 

Let A £ M™ xn and consider the hyperbolic polynomial p(x) := (x± + . . . + 
x n ) n ~ Pk,A- Then its mixed partial derivative is given by 

p(0) = (n - /c)!perm fe A, p(x) := (xi + . . . + x n ) n - k p kA - (5.3) 



9a; 1 . . . 9x n 



This to estimate from below the mixed partial derivative of a positive hyperbolic 
polynomial p we need to give a lower bound on the capacity of 
Jj-(xi, . . . , Xi-i, 0, Xj+i, . . . , » n ) in terms of the capacity of p. Denote by degj p the 
highest degree of Xi in all nonzero monomials that appear in p. The following lemma 
is the precise form of the lower bound explained above [211 Lemma 2.4.]. 



Lemma 5.1 Let p : R n — > R be a positive hyperbolic of degree m > 1. Assume 
that Cap p > 0. Then degj p > 1 for i = 1, . . . , n. For m = n > 2 

Cap ^-(xi,.. . ,Xi-i,0,x i+ i, ...,x n )> ( de f* P — -) degiP_1 Capp /or i = 1, . . . ,n, 
OXi degj p 

where 0° = 1. 

Combine the above lemma with (15. 2D to deduce the Tverberg conjecture (14. 2p . 
The inequality (|4.4p for any doubly stochastic matrix, which has in each column 
has at most r nonzero entries, follows from the observation that degjp raj £ < r for 
» = 1,. ES]. 

The inequality fj4.6f) is obtained in the following way. Assume B G fi n in each 
column has at most r nonzero entries. Fix a positive integer s G [n — /c]. Choose 
a bipartite graph G G Qu,mult(?'n,s). Let -B(G) be the bipartite adjacency matrix 
of G. Now form the positive hyperbolic polynomial p = p n -k,B(G)Pk,B- Note that 
Cap Pn-k,B(G)Pk,B > (fc) 2 > an d degjP < r + s for i = 1, . . . , n. Hence the mixed 
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derivative of p is bounded below by the right-hand side of (|4.4p . where r is replaced 
by r + s. Now sum over all G G Gbi,muit{^n, s). This will yield the inequality 

pernio > ( *" )! ® + r + a-1 (p+a _ 1)(n _ P _ s) 

P fc -a"-*(n- A;)!((a-l)n + fc)!(r + ^ r + s J ' 1 ' 

for s = 1, . . . , n — k. This implies (|4.6|) . 

6 Non-bipartite graphs 

Let O niS C f2 n be the convex subset of all symmetric doubly stochastic matrices. 
The extreme points of were determined by M. Katz |29j. 

Theorem 6.1 n s is an extreme point of Q n ^ s if and only if the following 

condition holds. There exists a permutation matrix P G Q n such that PFP T is a 
block diagonal matrix diag(i ? i, . . . , F m ) where each Fi is one of the following three 

possible forms, (i) Fj = [1] G (ii) F{ = ^ G f^; (Hi) Fi = ^(C^-i) G 
^2j-i; where C2j-\ is an odd cycle of length 2j — 1 for j > 2. 

Corollary 6.2 Let Q ns o be the convex set of symmetric doubly stochastic ma- 
trices with zero diagonal. Then each extreme point F of Sl n . S; o corresponds to a 
spanning graph subgraph G of K n which is a union of k-match M and odd cycles. 
F is a weighted adjacency matrix of G, where the weight of each edge in M is 1, 
and the weight of each edge in an odd cycle is \ . 

Since Cij-\ has a j-match we deduce 

Theorem 6.3 Let G be r -multi-regular graph on n vertices with no selfloops. 
Then G has \^~\-match. Equality holds if r = 21, n = 3q, and G is a union of q 
2l-multigraphs on three vertices without selfloops. In particular u(k,n,r) > for 

ke [[%]}■ 

It is natural to conjecture that for any p G (0, |) and an integer k G \pn, ^] 
co(k,n,r) has an exponential growth in n for a fixed r > 2. (For r = 2 this follows 
from |23j.) The real challenge is to give a good lower bound for the exponential 
growth. 

In the rest of this section we discuss the analogous problem to the van der 
Waerden and Tverberg permanent conjecture. Most of our exposition are from |19j . 
Let G ^2n,s,o be the convex set of symmetric doubly stochastic matrices with 
zero diagonal, whose extreme points are the adjacency matrices of perfect matches 
in Km- ^2n was characterized by Edmonds [ID] , see [3 Theorem 6.3, 2nd Proof, 
page 209] for a simple proof. Namely, it is the set of all B = [bij] G ^2n,s,o that 
satisfy the conditions 

b ij ^ I 5 ! - !' for each Scl,...,2n, \S\ odd and 3 < \S\ < 2n - 3. (6.1) 

i,jes 

Our problem is to find or give a good lower bound for 

min haf (B) = uj~ n for k = 2, . . . , n. (6.2) 
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It is tempting to state, as in the case of the van der Waerden and Tverberg's 
conjectures that 

H k n = haf fc ( - 1 A(K 2n )) for k = 2, . . . , n. (6.3) 
In — 1 

Equality holds if and only if B = 2 1 A(K2 n ). (According to an e-mail from Leonid 
Gurvits, he stated this conjecture for k = n in correspondence with E. Lieb on 
September 21, 2005.) It is easy to show that this conjecture is true for k = 2. 
However for k = n and n big enough f|6.3j) is wrong as explained below. 
|19t Lemma 2.1] states: 



Lemma 6.4 For positive integers 2 < k < n we have 

fc-i 



hah{ ^_ A{ K 2n)) = 1 ( 2n ) L \\( 2k ~ 2 A ( 6 .4) 
fcV 2n-l v " (2n - l) fc V 2 V fc! V 2 /' v ; 



i=o 

2 



haf fc (^(K„, n )) = ^r) /,'. (0.5) 



n n 
/n particular 

e-"V2 < haf„(— *— A(if 2 n)) = t ^ r < haf n (-A(iT„ „)) = — (6.6) 

V 2n-1 V " (2n-l)«2 n n! n V ' " V ; 

For n>l re /lave i/ie following approximations 

h a { n (-^—A{K 2n )) ~ e- n v^i, haf n (-A(X„, n )) « e^v^. (6.7) 
zn — 1 n 

Observe next that if G = (V, E) is a r-regular graph without loops on an even 
number of vertices, then ^A(G) is in ^\v\ if an d only if any vertex cut S C V 
with an odd number of vertices, 3 < \S\ < \V\ — 3, has at least r edges. Hence 
if Conjecture (|6.3|) holds, then (|6.7|) implies that such a regular graph has at least 

I V| 

(e)~ perfect matchings. In [8] the authors construct an infinite family of cubic 
3-colored connected graph G = (V,E), for which the number of matchings is less 

thenc F |T/|(i^)^. (Here \V\ = 12&+4 and k = 1, 2, . . ..) As (±^)^ < 1.017 < 

| « 1.05 we must have that u n ^ n < haf ( 2 x A(K2 n )) for n»l. (I would like to 
thank S. Norin for pointing out to me this fact.) 

Since \i n n is the minimum of the haffnian function, it follows that n n+m ^ n+m < 
u n,n u m,m- Hence the sequence log^ njn is subadditive. In particular the following 
limit exists 

,:=lim^. (6.8) 

A weak analog of the van der Waerden conjecture is the claim that \i > — oo. Note 

log ktVg 

that the above example in [8] implies that u < g- 2 log 3. Other generaliza- 
tions of the van der Waerden conjectures for perfect matchings in hypergraphs are 
considered in [2]. 

We close this section with a lower bound of perm n i3 for B is a corresponding 
neighborhood of A = ^jA^n) [M Theorem 2.2]. 
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Theorem 6.5 Let B G ^2n- Assume that B G vE^n has exactly one positive 
eigenvalue. Then 

haf n (5) > {H^l){n-l)n w e -n^_ (6.9) 
n 

Moreover, for each k = 2, . . . , n — 1 

w f m > (2n) 2 - 2fc (2n - fc)!(2n) fc (2n - k - 1) f2t> _ fc _ m 

The proof of the theorem follows from the fact that from Example 3 in §5, which 
stated that x T Bx is positive hyperbolic polynomial. 

7 Infinite regular graphs 

Let a ntr be a probability measure on Gbi,m,uit{^ n -, r )- There are two simple nat- 
ural measures on Gbi,muit(^ n , r ) [23J. We describe one that easily generalizes to 
Gco,muit (2n, r). For each G G Qbi ) mult{'^ n i r ) the adjacency matrix A(G) is the sum 
of r-permutation matrices P\ + ■ ■ . + P r . Let N(G) be the number of all possible rep- 
resentation of A(G), viewed as (Pi, . . . , P r ). Then at n>r (G) = T^fir ■ Let E(rn,n,r) 
the expected number of m-matchings on Qbi,muit{^n,r) with respect to a n>r . [23] 
Theorem 4.4] claims 

lim — - — — — — — - = — (plog r — plogp — 2(1 — p) log(l — p) + (r — p) log(l — — )). 

k^oo 2nh 2 r 

(7.1) 

We assume here that 1 < < n^, k = 1, are two strictly increasing sequences 
of integers such that the sequence ^,k = 1, ... converges to p £ [0, 1]. The above 
equality is the motivation for the ALMC ()1.16|) . 

Figure 1 gives the graphs of the AUMC, ALMC, the 20 points of h%i(p), and 
the lower bound FT given by the Tverberg permanent conjecture for r = 4. (Z 2 is 
the infinite graph, whose vertices are the integer points on M 2 , and there is an edge 
between the points the integer points (p, q) if and only of \i — j\ + \p — q\ = 1.) 
The 20 points of h^ip) we first computed by Baxter [3] using his famous corner 
transfer matrix, and reconfirmed in [25] using upper and lower bounds for hj2{p). 
The value /12 := maxpgfou h^(p) is the 2-dimensional monomer-dimer entropy of 
Z 2 computed in [24] . 

Figure 2 gives the graphs of the AUMC, ALMC, and the lower bound FT given 
by the Tverberg permanent conjecture for r = 6. The value /13 := max pg [ 0j i] h%z[p) 
is the 3-dimensional monomer-dimer entropy of Z 3 computed in [24] . 

Note that hi are very close to max pg [ 0i i] f(p,2l)(p) for I = 2,3, where f(p,2l) is 
given by (|1.15p . which is the graph corresponding to the ALMC. The inequalities 
([4TB]) yield the proof of the ALMC for p = ^ for s G N and r > 3 [21J. It is shown 
in [H] that the ALMC holds for h zd (p) for d > 2 and p G [0, 1]. The proof of the 
ALMC is given in [27] . 

Figure 3 gives the continuous version of (|3,4p . The green graph corresponds to 
the AUMC, i.e. the entropy of countable union of ^44. The blue line, the graph 
of upp 4 1 corresponds to the continuous version of (^(^O^ i n P-4P - The orange 
line, the graph off upp 42 corresponds to the continuous version of {^)r k in ([37 
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0.2 0.4 0.6 0.8 1 

P 

Figure 1: Monomer-dimer tiling of the 2-dimensional grid: entropy as a function of 
dimer density. FT is the Friedland-Tverberg lower bound, h2 is the true monomer- 
dimer entropy. B are Baxter's computed values. ALMC is the Asymptotic Lower 
Matching Conjecture. AUMC is the entropy of a countable union of i^4,4, conjec- 
tured to be an upper bound by the Asymptotic Upper Matching Conjecture. 



Note that [0, 1] is divided in two regions, in for which one the upper bounds upp 4 j 
is better than the other one. 

We close this section with open problems for infinite regular non-bipartite graphs. 
First one, find an analog of the LAMC for any infinite r-regular infinite graph for 
p € [0, |]. Second, what is the analog of the ALMC for infinite cubic connected 
graphs with no bridges? 
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